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PHILOSOPHICAL 



TRANSACTIONS. 



XVI, Of the Rotatory Motion of a Body of any Form whatever , 
revolving, without Refralnt, about any Axis faffing through 
its center of Gravity. By Mr. John Landen, F.R.S. 



Read March 17, 1785. 

A SPHERICAL body, uniformly denfe, it is obvious, 
will, if made to revolve freely about any axis paffing 
through its center, continue to revolve about the fame axis; 
and, by what I have fhewn in the Philofophical Tranfaclions 
for the year 1777, it appears, that a cylinder of uniform den- 
sity, whofe length is to its radius as v/3 to 1, will do the 
fame. It likewife appears, by my Mathematical Memoirs, 
Vol. LXXV. T t that 
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that a cone, a conoid, a prifm, or a pyramid, &C. of certain 
dimenfions, will have the like property of continuing, with- 
out any reftraint, to revolve about any axis parting through its 
center of gravity. 

W heir the axis, about which* a body may be made to 
revolve, is not a permanent one, the centrifugal force of its 
particles will difturb its rotatory motion, fo as to caufe it to 
change its axis of rotation, (and, confequently its poles) every 
inftant, and endeavour to revolve about a new one : and I can- 
not think it will be deemed an uninterefting proportion to de- 
termine in what track, and at what rate, the poles of fuch 
momentary, axis -.will be varied in any body whatever ; as, 
without the knowledge to be obtained from the folution of 
fuch problem, we cannot be certain whether the earth, or any 
other planet, may not r from the inertia of its own par- 
ticles, fo change its momentary axis, that the poles thereof 
mail approach nearer and nearer to the prefent equator, or 
whether the evagation of the momentary poles, arifing from 
that caufe, will not be limited by fome known lefler circle. 
Which certainly is an important confideration in aftronomy ; 
efpecially now that branch of fcience is carried to great per- 
fe£tion, and the acute aftronomer endeavours to determine the 
motions of the heavenly bodies wkh the greatefr. exactnefs 
poffible. 

I do not know that the problem has before been . folved by 
any mathematician in thefe kingdoms ; but I am aware that it 
has been confidered by fome gentlemen, very eminent for then? 
mathematical knowledge, in other nations. The folutions of 
it, given by the celebrated M. Leonhard Euler and M, 
D'Alembert, I have feen : and we learn from what the iaft 
mentioned gentleman has faid, in his Opujcuhs Matbematiques,, 

that 
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that a folution of it, inveftigatefd : by M. JoifN Albert 
Euler (after a method fimilar to his father's) obtained the 
prize given by the Academy of Sciences in the year 1761. The 
conclufions deduced by thofe very learned gentlemen differing 
greatly from mine made me fufpecl:, for fome time, that I had 
fbmewhere erred in my inveftigation, and induced me to revile 
my procefs again and again with the greateft circumfpecVion. 
At length my fcrutiny has fo removed my doubts, that, being- 
well allured of the truth of my theory, I now begleave to 
prefent it to the Royal Society ; prefuming that it will be found 
not unworthy of the notice of fuch readers, as are curious in 
contemplating the various motions which bodies may naturally 
have, in confequence of inftantaneons or continued impulfe. 

In the Philofophical Tranfacliom referred to above, I gave a 
fpecimen of this theory, as far as it relates to the motion of a 
Jpheroid and a cylinder. The improvements I have fince made 
in it, enable me now to extend it to the motion of any body 
whatever, how irregular foever its form may be. 

What I here infer therefrom will be found to differ very ma- 
terially from the deductions in the folutions given by the gen- 
tlemen above-mentioned. They reprefent the angular velocity, 
and the momentum of rotation of the revolving body, as always 
variable, when the axis about which it has a tendency to re- 
volve is a momentary one, except in a particular cafe. By my 
inveftigation it appears, that the angular velocity and the mo- 
mentum of rotation will always be invariable in any revolving 
body, though the axis about which it endeavours to revolve be 
continually varied ; and the tracks of the varying poles upon 
the furface of the body are thereby determined with great, 
facility. 

T ; t 2 Jft 
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It is not only obfervable, that the tracks which the varying 
poles take, in the furface of any revolving body, are fuch that 
its momentum of rotation may continue the fame whilft its 
angular velocity continues the fame ; but it may be obferved, 
that, in any given body, there is only one fuch track which a 
momentary pole can purfue from airy given point. 

If the angular velocity and the momentum of rotation of a* 
revolving body were to vary according to the computations ad- 
verted to' above, it would follow, that a body might acquire an 
intreafe of force from its own motion, without being any way 
affe£led by any other body whatever, as the fame percuffive 
force, applied at the fame diftance from the momentary axis,, 
would not always deftroy the rotatory motion of the body, 
which furely cannot poffibly be true. From the principles or 
laws of motion, which I confider as undoubtedly true (and 
which indeed are no other than the common principles of me- 
chanics), I conclude that a revolving body, not affected by any 
external impulfe, can no more acquire an inereafc in its mo- 
mentum of rotation, than any other body, moving freely, can 
acquire an increafe in its momentum, or quantity of motion, in 
any given direction, without being impelled by gravity or fome 
other force. And the truth of this conclufion (which is here- 
inafter proved by other reafoniug) may be eafily inferred from 
the property of the lever ; feeing that the joint centrifugal 
force of the particles, of the revolving body (which is the only 
difturbing force) has no tendency to accelerate or retard theis 
motion about the momentary axis, but only to alter the peti- 
tion of fuch axis, the direction in which that force acts being 
always in a plane wherein that axis will be found. 

By the theory explained in this paper, it appears that a pa* 

rallelopipedon may always be conceived of fuch dimensions, 

4 that 
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that being, by fome force or forces, made to revolve about an 
axis, pafling through its center of gravity, with a certain an- 
gular velocity, it {hall move exactly in the fame manner as any 
other given body will move, if made to revolve, by the fame 
force or forces, about an axis pafling through its center of gra- 
vity; the quantity of matter (as well as the initial angular 
velocity) being fuppofed the fame in both bodies; and due re- 
gard being had, in the application of the moving force or 
forces, to the correfponding planes in the bodies. Therefore,, 
as we may from thence always affign the dimenfions of a pa- 
rallelopipedon that mall be affected exactly in the fame manner 
as any other given body will be affected, as well with regard to 
the centrifugal force of the refpedive particles of the bodies, as to 
the action of equal percuffive forces, or ofcillation ; it will, 
after fhewing how the dimenfions of fuch parallelopipedon may 
be computed, be only necefl'ary, in investigating the proposition 
under confideration, to determine the tracks and velocities of 
the poles of the momentary axis, about which any parallelopi- 
pedon may be made to revolve- 

Firft then to find fuch parallelopipedon (P), that, with re- 
flect to the action of fuch forces as are mentioned above, it 
may be affected exactly in the fame manner as any other given 
body (Q). Let it be considered that G(tab.X.fig,i.) being the 
center of gravity, N a point of fufpenfion, and O the correfpond- 
ing center of ofcillation or percuflion, the rectangle GN x GO 
will be an invariable quantity, the direction NGO continuing 
the fame ; and that a cylindric furface being defcribed, fucta 
that the center of the middle circular fectiou thereof mall be 
G, and radius =:\/GN x GO, and whofc axis (hall be perpen- 
dicular to the plane wherein the line NGO is fuppofed to be 
impelled to move ; if all the matter in the body were placed 

any 
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any where in that furface, fo that G fhould be the center of' 
gravity of the matter fo placed, any given force or for.ces, acting 
on the body in the plane juft now mentioned, would caufe the 
line NGO in the body to move exa&ly in the fame manner as it 
would move, if it were carried with the matter placed in the 
faid furface (as before-mentioned) after having been put in 
motion by the action of the fame force or forces. Moreover, 
let it be conlidered, that there will at leaft be three permanent 
axes of rotation in the body Q, at right angles to each other 
(as I have proved in my Mathematical Memoirs) ; and that, 
fuppofing NGO to coincide with thofe three axes in three fuc- 
ceffive cafes wherein the matter in QJhall, in each cafe, be con- 
ceived to be placed in a cylindric furface as defcribed above, we 
may conceive it poffible fo to place the matter of the body, 
that all of it (hall be in each of thofe three furfaces, and G 
ftill continue its center of gravity. And, a computation being 
made accordingly, it appears, that the matter of the body Q, 
muft be placed, in equal quantities, at each of the eight an- 
gular points of a parallelopipedon (R) whofe dimenfions 
(length, breadth, and thicknefs) fhall be \/zd z + zf 1 — ze z , 
s/ze* + zf* - zd 2 , and \/zd 2 + ze z - zf 2 ; d, e, and f, being 
the three values. of v/GiN x GO, when NGO is fucceffively a 
permanent axis of rotation, with refpect to the body Q_, in 
three directions at right .angles to each other. 

If Q^were a parallelopipedon, it may be eafily proved, 
that its dimenfions muft be \/bd 2 + 6/ 2 — 6e 2 , s/te' + 6/ x — 6a~, 
and \/6d z + be 1 - 6/% that the correfponding parallelopipedon 
at the angular poitits whereof the matter of Q is conceived to 
be placed as above, may have the fame dimenfions as thofe 
which we have found our parallelopipedon R muft have. 

2 Whence 
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Whence we may infer, that the parallelopipedon (P N , which 
we propofed to find, muft have the dimenfions laft written ; 
namely, length, breadth, and thicknefs, refpe&ively equal to 
■ K /6d*+bf % -6e L , y/6e % + 6/ % - 6d\ and y/6d' + be*-6j*; 
which may be confirmed by a more ftri<St demonflration founded 
on the principles made ufe of in my fourth Memoir. For it 
appears by what is there proved, that the centrifugal forces of 
the particles of any revolving body, in two direction s at right 
angles to each other, may be exprefled in terms of A, B, K, 
and variable quantities fhewing the pofition of the momentary 
axis ; and that, in a parallelopipedon whofe dimenfions (length, 
breadth, and thicknefs), are a, b,k\ and whofe mafs, or con- 

tent, .is=±"M ; A will be=~, B = — , and K = y . If there- 
fore a be = ^6d z + bf'-6e\ b-s/be % + bj\- 6d% and k=z 
s/bd l + 6e* - bf 1 ; in fuch body, 

Awillbe=-x^+y 2 _*% 

2 J 

M : 

B =-xe*+f*-d\ 

K- =-xd' + e*-J\ 

2 J 

But, in any body whatever, 



M x d* is = the fum of all the x\ + z* xp t 
M x e* = the fum of all the y" + z % x p, 
M xf z = the fum of all the x +y x p, 

and — x d l + e" +J * = the fum of all the x'+y' + z 1 xp: x, y, 

and z correfponding to the place of the particle p in the body ; 
# 'being meafured from the center of gravity upon a permanent 
axis '.of rotation, y at right angles to x t and « at right angles 

to 
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to y in a plane to which the faid axis is perpendicular 1 . 
Therefore, 

M .. 

A, which is = the fum of all the** xp t will be = — x d l -f p - <?% 

B, = the fum of all the/ xp, =- x e*+f*-tt% 

K, = the fum of all the 2 s x p 9 = ^ x d z + <?° ~y % 

Hence it is evident, that d, i?, and/" being determined from 
any body whatever, the values of A, B, and K will be the 
■fame in that body as in our parallelopipedon P ; and that the 
centrifugal forces of the particles will be the fame in both bo- 
dies. Confequently, their motions about fucceffive momentary 
axes (whqie poles are varied by the perturbation arifing from 
thofe forces), will be the fame in both bodies ; their initial an- 
gular velocities being the fame ; as well as the pofition of their 
initial momentary axes, with refpect. to the correspondent per- 
manent axes of rotation in each body. 

Let us now proceed to find how any parallelopipedon will 
revolve about fucceffive momentary axes paffing through its 
center of gravity: by which means, with the help of the 
theorem juft now inveftigated, we fhall be enabled to define 
how any body whatever will revolve about fuch axes ; which is 
the chief purpofe of this difquiiition. 

Fig. 2. and 3. The length, breadth, and thicknefs of the 
revolving parallelopipedon^) being zd, 2c, and zb, conceive a 
fpherical furface without matter, whofe. center is the center of 
gravity of the body P, to be carried about with that body 
during its motion ; and let the faid furface be orthographically 
jproje&ed, fo that the radius upon which b is meafured may be 

reprefented 



the Rotatory Motion of Bodies. 31 g 

reprefented by AB ; the radius upon which d is meafured may 
be reprefented by AD ; and the radius AC, upon which c is 
meafured, may be projected into the central point A. Let P 
be the momentary pole, and PQ^he continuation of the great 
circle CP. Let a denote the radius AB ( = AD) ; g and y thq 
fine and "cofi'ne of the arc CP ; s and t the fine and cofine of 
the arc BQ., to the fame radius a ; <?the angular velocity of the 
body and fpherical furface, meafured at the diftance a from 
the momentary axis ; and M the mafs or content of the paral- 
lelopipedon (=86cdJ. 

Then the motive force E, urging the pole P towards Q^, 
will (by what I have proved in my Mathematical Memoirs) be 

= ~~ x Dj* - Ca x ; and the motive force E, urging the fame 

pole in a direction Fo, at right angles to that in which E acls, 

. ■■ 2, 

= e f x Dst ; C and D being equal to c 1 - b z and d 2 - tf re- 

11 
fpe&ively. Let Vq be to ¥0 as E to E ; complete the paral- 
lelogram oFqr, and draw the diagonal Pr. This laffc men- 
tioned line will (by what I have (hewn in the Philofophical 
TranfaSlions for the year 1777) be perpendicular to the tan- 

gent to the polar track at P. Therefore Fppp being the pro- 
jection of that track, and Fp an indefinitely fmall particle 
thereof; if^a be perpendicular to P«A, and the quantities 

d*-c z , c z -i>\ be not negative; ~ x Ds 2 -Ca z will be to Dst 

(as Fq to P<?) zspu to P«, the triangles For and Vup being 
fimilar, and<?r=P^. But with refpect to our fpherical fur- 

• • 

face, i>u will be to Fu as ^-to - - g - ; therefore, Ca 2 -Ds'xg 
' * t 7 

will be = D^xJ, atid^ = -?i.^. Whence, by taking the 

Vol. LXXV. U u fluents, 
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a i »-• * Dw 2 -rC/ j - » . . D» 2 — B**' 

fluents, we have j ' = <i* x ' , , and / =*■* X — ttt 1 -*" 

w and » denoting the values of s and"/, when g is stands 
y — o ; and B being put to denote the difference D — C = d z — c 2 .. 
If now /3 and $ be put to denote the cofines of BP and DE 1 
to the radius a, we fhall, from what is done above,, have. 

n gt ^Dn 2 -3y z * gs ^Dm z -Cy\ 
« pa, a pi 

#* -fcy 2 + V =*a%, 00-hyy^SSho 5.- 
^|3» + . c y +#£* = JV +A% . and b 2 {3& ^c z r y+J z $$=& 

Brawing ARfb thateD* xfiiie of BR ffiall be=C**,. it? is 
wry. remarkable^, that the momentary pole (P)? will, run round 
about the point B# or aboufcthe point Wl in the fpherical fnrfaces 
according as the: initial pole .fhall be in the part BCR on DCR 
of the fail furface ; that is, according as- Bm 2 is, lefs or greater 
than Ca z lz and that, if the ; initial; pole (P) be any where, in 
the greatxircle CR, the momentary, pole, keeping in.the arc 
of that circle,, with continually approach nearer and nearer to 
the points C in; the furface of the fphere ; ; but, by what fol- 
lows, we fhall find that it i never can arrive at that point in any 
finite time !*' 

The equation ; of <i r t he track off the pole- in the; projection to 
which we have hitherto, referred, will* it is now obvious, be 

y z =— x ,x z -h; a "' ; .%, meafured from the. center: A upon. 

AD, . being =-§>■- and:v, ., at right angles thereto,, = 0. 

If C*be=?o (that is,. if lc bev=£)$ x will be equal to the- in-! 
.variable quantity m j.the projeel&d.CraekV. a right-line, parallel to 
AB; and the. track upon the furface of the fphere, zlejer 
cjrek in a plane parallel. to the, plane of the great circle BC 

5 " " U 
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If C be=D, y will be equal to the invariable quantity n\ 
the projected track, a right line .parallel to AD ; and the track 
on the furface of the iphere, a lejfer circle in a plane parallel t<a 
the plane of the great circle CD. 

If Y>nf be — Co* the projected track will be the right line Alt, 



1 



and y — ~n x x > the track .upon the furface of the fphere be- 
ing the great circle CR. 

In all other cafes in this projection, the track will be an by~ 

. ., .. ..i 

ferbola whofe center is A, femi axis h.a~- — ' | , and the 



other femi-axi6 — - — 'I m \ ; the right line AR being always an 

afypmtote. 

Fig. 4. When the track is projected on a plane ACD, to 
which the radius AB is perpendicular (the point D being the 

vertex as before) the equation thereof will bejy 2 =— xrf-x^ 

x y meafured from the center A upon AD, being ~ £ (as before) ; 
andjy, at right angles thereto = y. This projection of the track 
of the pole will therefore always be an ellipfis ab (or a circle) 
whofe center is A; femi-axis Aa = ffl; and the other femi-axis 



: c 



x m: except c be = £; in which cafe the projected track 

will be a right line a b parallel to AC. 

Fig. 5. Moreover, the equation of the track projected on the 
plane ABC, to which the radius AD is perpendicular, will be 



D 



aj 2 — — %n z -x z -, x, naeafuted from the center A upon AB, 

•s B 



being = 16; and y, at right angles thereto, =y. The track of 
the pole in this projection will therefore always be an ellipfis 

U u z &h 
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ab (or a circle j whofe center is A ; femi-axis A a=» ; and the 

. . dU 
other femi-axis = j- 1 x«; except c be = d ; in which cafe the 

projected track will be a right jine a b parallel to AC. 

With regard to the permanent axes of rotation of our paarat- 
lelopipedon, it appears, by my Mathematical Memoirs, that if 
two of its dimenlions be equal (that is, when the body is a 
fquare prifmj, any line paffing through the center ©f gravity of 
the body, in a plane to which the other dimenfion is perpendi- 
cular, will be a permanent axis of rotation ; as. will the line 
paffing through that center, at right angles to that plane. If 
all the three dimenfions be equal (that is, when the body is a 
cube), any line whatever paffing through the center of gravity 
of the body will be a permanent axis of rotation. 

It is obfervable, that the momentum of rotation of the 
body, about the momentary axis, is found by computation. 

always — 4- X Ptr? + c l a z + d z rt, e denoting the angular velocity. 

j- '. . ■ 

But 4: * b* m% + c %a * + d* n * is the initial momentum of rotation. 

Therefore, confidering the momentum of rotation as invariable, 
the angular velocity will be invariable, e being always —f, 
which here denotes the initial angular velocity. 

Our next bufinefs is to find the length of the track defcribed 
by the momentary pole (P), upon the fpherical fur face j and 
the velocity of the pole in that track. 

Fig. 2, 3. It appearing, that the motive force E is = 

Hi* x Vm* - CV x y - , and the motive force E = ^- x Wn?-Qy l 

3 a £ 3 a4 £ 



f=\^: 



Xs/Dn*- B/ ; we find F = V E z + E 2 (the force compounded 
of thofe two forces) «^ * s/Vfntr? -BCay r ; and, F being 

i to 
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to E as a to the fine of the angle p¥u y it follows, that the 

fine of pVu will be = -—t^ ~ / g=* I > and its cofine- 
2- — y~ 7; X ■ = ~ y ♦ Therefore, that cofine being to radius as 
( — J the fluxion of the arc PQ to (z) the fluxion of the polar 



g 



track on the fpherical furface, z will be .— y m n " h "' a r 



V T>m z -C/xV D» 2 - By* 
Now, P/LN being a quadrant of a great circle (touching the 
faid polar track at P), and NAN a diameter of that circle ; if 
we put w to denote the diftance of any particle (p) of the 
parallelopipedon from that diameter, and G to denote the ac- 
celerative force of any fuch particle when w is = tf ; the motive 

force F (= — ;X s/T¥rr?n z - BC#y), computed above, will be = 
-iXfhefum of all the w z xp; which fum, by computation, is 



found = - x b' m V-BC<»V • Confequently, 



3 ' D 2 otV-BC«V 



G will be = - X^- DW _, w+fV + , v : Bcr But, by 

what I have done in the Philosophical Tranfaclions for the 

year 1777, — will be =; v = the velocity wherewith the 

momentary pole changes its place in the fpherical furface to 
which it is referred. Therefore, 



v will be = ^ X ^^ DW _^ + , V ^ V . BC/ ; and - = T, 



the fluxion of the time = H x ^^pW-W+^^V.bc' 

' V D»*-Cy*X. V b„*_ By 2 x D 2 /h V- BG»S* 
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(- l _^ + 

& m +<ra +a n ) 

when Dm is = C <r, becomes == 7 — - ~ 






It is evident, that v ~ X * X hyp. log. of ^^ , the value of 

T in that particular cafe, will be infinite when y is = a ; and this 
conclufion agrees with what is faid above refpe&ing the motion 
of the momentary pole along the great circle CR (fig. 2. 
and 3.). 

I have not found, that the value of T will, in general, be 
affigned by the arcs of the conic feStiom ; but my Tables * flievv, 
that it will be fo affigned when Dm 2 is = Ba% and in fbm'e 
other particular cafes. 

We have ftill to inveftigate the track of the momentary- 
pole in the immoveable concave fpherical furface, which we 
muft conceive to furround our moveable convex fpherical fur- 
face, fuppofmg the center of both thofe furfaces to coincide 
with the centers of gravity of our parallelopipedon : which 
central point is always in this difquifition fuppofed at reft. 

Let AL be the projection of part of a great circle CL, 
at right angles to the great circle PjiLN; then will the 

fine of the arc CL be = "' ~ a * === ; its cofine = 



z 



D^</T)a z m l n-~Dm'-C a z m z +C a z n z . y z , , _ . „ , 

; and, the fluxion of that fine 



• D*«V-BC«V 



being^gg^g ggjggL , the fluxion of that arc (CL) will be 

* Mathematical Memoirs, published in 17 80, 
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•• Confequently, 



me fine of the arc Pk being = f 



and this fine being to radius as- the fluxion of the arc CL to the 
meafure of the angle of contact of the polar track on the movea- 
ble fpherical furface with a great circle, we find that meafure 

Dm l -Ca*x DV/V* Bm l -Ca* x D 2 /»V* 



~~ • D^C?"X • D« 2 - By* X D*«V- BC«V ~" ' DV^V-BCay"] 1 

The meafure of the angle of contact of the track of the 
momentary pole, in the immoveable fpherical furface, with a 
great circle, will accordingly be 



*rr — — — — — -r- = -7= y--, , — — ri ~- by means of which 

meafure we may defcribe, by points,, the track of the momen- 
tary pole in the fpherical furface laft mentioned. 

There are other methods of finding that track ; but I know 
none that is lefs difficult than this method, or in any refped 
more fatisfactory. 

The radius of the leffer circle, which is the circle of curva- 
ture of the polar track in our immoveable fpherical furface, 

will be = 

ok_ ( v'p ^y-BcTT' 

^x + ftf.of the meaf. of thc'angTofconu v '^+?f' - H? + 7 + d 2 f • "* — BC V " 

When B is = o, or very fmall in comparifon with D, and 
Dm 1 is lefs than (V,. the laft mentioned radius will be equal, or 

nearly equal, to the invariable quantity ■ -= ; 

. * VP + d*\ . rrf+^n 2 

the track of the pole in the immoveable fpherical furface being 
then exactly, or very nearly, alefler circle. At the fame time, 

the 
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the polar track upon the moveable fpherical furface Will be 
exactly, or very nearly, a Iefier circle whofe radius is m. 

When C is =0, or very fmall in comparifon with D, and 
Dw* is greater than Ca z , the track of the pole in the immovea- 
ble fpherical furface will be exactly, or very nearly, a leffer 

circle whofe radius is = ,... ... - ^=^ ^= ; and then the polar 

track upon the moveable fpherical furface will be exactly, or 
very nearly, a leffer circle whofe radius is n. 

Whatever the curves may be which the momentary 
pole {hall defcribe in thofe two fpherical furfaces, the track 
(upon the moveable furface will always touch and roll along 
the track in the immoveable furface (whilft the common cen- 
ter of both furfaces remains at reft), in the manner defcribed 
in my Paper in the Philofophkal TranfaSiions for the year 
1777 ; the velocity of the point of contact being equal to the 
value of v computed above, which velocity when B Is =: o, or very 
fmall in comparifon with D, and Dm z is lefs than C«% will be 

exactly, or very nearly, = ■ 2 2 X — r ; and when C is = o, or 

very fmall in comparifon with D, and Dm z is greater than C<*% 

that velocity will be exactly, or very nearly, = -,* z X — r * 

The polar track upon the moveable fpherical furface 
will always roll along the convexity of the track in 
the immoveable fpherical furface ; the convexity or con- 
cavity of the former being turned towards the convexity 
of the latter, according as Dm 2 is greater or lefs than Ca z . 
Which track in the immoveable fpherical furface, when it 
is not circular, will touch a certain circle as often as y, during 
the motion, {hall become— o; and likewife another parallel 

circle 
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circle as often as y mall become equal to ^| x w, or ^j x n; 

the parts of the track between the points of contadl beinp- per- 
fectly fimilar. If ~D/n 2 be — Ca % (D/r being then = Ba 2 , and 

__T __.£ 

confequently ^ X«= -p xn — aj, the faid track will make 

an infinite number of revolutions about a certain point, con- 
tinually approaching nearer and nearer thereto, without arriv- 
ing thereat in any finite time, though the length of the fpiral 
fo defcribed cannot exceed a certain finite quantity. 

M. Euler has computed, that if the motive forces to turn 
the revolving body about AB, AC, AD, be refpe&ively de- 
noted by H, I, K ; 



H will be = ~ . -~- xflux. of e B - ~ . B*V, 



— • — r— x flux, of e B 7 

3 «3T ^ 3«* 

_ M ^ 2 +// _ . M ._ ,„. 

I a, _ .. _____ x fl ux> f ey + ^~ . D**/3 J, 



3 «3 T 



3^5 



K = — . — —x flux, of eS 1 .Ce'-By; 

y being fuppofed to decreafe asT increafes : and he has put the 
value of each of thofe forces (H, I, K) = o. In doing fo, it 
feems to me, that he has erroneoufly affumed equations as 
generally true, which are only fo in_a particular cafe. For 

•— - 5 'Be^ySlsthe motive force to turn the body about AB, arifing 

from the centrifugal force of its particles revolving about the 
momentary axis AP, fuppofing the pole to keep its place j 

an d ~- . «-_-. x flux, of eB is the value of the motive force 

requifite to caufe the whole variation of the velocity {—) about 

AB. But the firft mentioned force alone does not, in general, 
Vol. LXXV. Xx ' caufe 
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caufe all the variation of the velocity about AB ; that velocity 
varies in confequence of the evagation of the pole P ; and that 
evagation is caufed by the motive forces urging the body to 
turn about AB, AC, AD, conjunftly. Therefore the motive force 

—7 • B? 2 yS about AB only will not, in general, be equal to 

3** 

— • — — x flux, of efi, the value of the whole motive force 

3 « 3 T 

requisite to caufe the variation of the velocity—, as M. Euler 

reckoned. 

The like objection may, I conceive, be juftly made to his 
other two equations fimilar to that which is here particularly 
adverted to. 

M. D'Alembert's radical errors, in treating this fubject, 
appear to me nearly fimilar to M. Euler*s. 

Other arguments may be adduced to prove, that the equa- 
tions affumed by thofe gentlemen are not well founded. If the 
forces to turn the body about the lines AB, AC, AD were 
each = 0, the velocities about thofe lines muft each remain inva- 
riable; but it feems abiblutely impoffihle that they can ever 
remain fo, whilft the angles which thofe lines make with the 
momentary axis are each continually varying. Moreover, ac- 
cording to their conclufions, the tangent at P to the track of 
polar evagation, upon the moveable fpherical furface, will not 
always be perpendicular to the direction in which the pole P 
will be urged to turn by the joint centrifugal force of the par- 
ticles of the revolving body ; whereas it is proved^ I prefume, 
beyond a doubt, in my Paper above-mentioned, that the faid 
track will always be interfered at right angles by the direction 
in which the momentary pole {hall, at any inftant of time, be 
urged to turn by the force caufing its evagation* 

4 If 
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If we refolve each of the three forces H, I, K, into two 
others ; the one to turn the body about the diameter NAN, and 
the other to turn it about the momentary axis PAP, at right 
angles to that diameter ; the forces to turn it in the laft men- 
tioned direction, arifing from the faid forces H, I, K, will be 

— = J ' ~^f X-/3 flux, of ep - -p . Be^yS, 
__-__. — — x S flux, of e $ s • Ce z fiy$. 

a 3 «4 T 3* r 

The fum of thefe forces, it is obvious, mud be = o ; the di- 
rection wherein they are fuppofed to act being at right angles 
to that in which the body will be actually urged to turn by the 
joint centrifugal force of its particles, and that being the only 
force whereby the motion of the body is fuppofed to be affected : 

M 
which fum (B + C - D being = o) is, wheix divided by — -r- , 

r d r +7 z . & z e + d r +T l . y't+F+F . ?'e ] 
_d z + c z .e&@ + cF+¥. eyy + c z +b z . efi J 
But QQ + yy + f$ being before found = 0, we have 



«F + tf* + ^Xj3J8 + yy + Jfr=so; and b z $$ + c l yyJ r d z U being 
alfo found =0 ; it evidently follows, that 

d z + c z . 00 + tF+& ,yy + c z +b z . ^willbe = o. 
Therefore F+? . tf'e + F+F • y'e + F+T z . % z 'e will be = o: 
confequently e will be = o, and e invariable ; which agrees with 
what is faid above refpecting the momentum of rotation. 

The other forces arifing by refolution from the forces H, I, 
K, to turn the body about the diameter NAN, will be 

Xx 2 
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S being =VD*«V-BC«y. 
And, no external force being fuppofedto a£t on the body, it fol* 
lows, that the fum of thefe three forces muft be = o -..: there? 
fore we may infer, that 

T will be = - x B yy+i>W+cW ; "' which a S ree " 

ing with the value of T found above, the truth of our pre- 
ceding procefs is thus confirmed. 

M- 2 



The force ~ X By J* + D*/3T + C*/3y,. arifing- from thofe 

three forces, is the whole joint centrifugal force of the particles 
of the revolving body, to turn it about the diameter NAN the 
way it will a&ually be urged to turn by fuch force; the value 

whereof fo computed will be .; (= — 4- X \/D 2 m z n z - -BC*y =■■ 

—f) equal to the value of the force. F computed above, both 

being confidered as urging the body to turn in the fame 
direction, i^nd the quantity 

-i^-X^+e* • yff3-d z + T z . D/3& + <:' + ** . CM 

3 «3ST 

( — — x the- fum of all the w*X£Hs the value of the motive 

force which, acting in that very dire&ion, is requifite to caufe 
the momentary pole to change its place as above defcribed. 
Thus we fee diftinftly how the equation arifes, by 1 which the 

value of T is juft now determined. I do 
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I do not find that the refolving the forces H, I, K, in any other 
manner will conduce to the attainment of any ufeful conclufion. 
It appears, by what is done above, that the force 



His=-^xCDW/3 2 /3, 

3« 3 RT 

I is = -^-r xBC . Cn z -Bm 2 . y < y , 

3 «'RT 



R being = By r+D 2 /3T+C 2 /3y. 
And it is obvious, that each of the three laft mentioned forces 
will be = o, if any two of the quantities b, c, d, be equal;. 
two of the values of thofe forces then vanilhing, by reafon of 
that equality; and the third value alfo vanishing by either 
jS, y, or <J, being at the fame time = o. Therefore, in that 
cafe it happens, that M. Euler's computation ■ agrees with 
mine: in every other cafe, I am clearly of opinion, his con- 
clufions are not true. The fame may be faid of M. D'Alem- 
BERt's conclufions reipecting the fame propofition. 

The evagation of the pole of a revolving body considered 
above, does not arife from gravity, the attraction, of any other 
body, or any external impulfe whatever ; but is only the con- 
fequence of the inertia of matter, and muft neceflarily enfue, 
according to the theory here explained, in every bodv in the 
univerfe, after having been made to revolve, without reftraiat, 
about any line paffing through its center of gravity, that-is not/? 
permanent axis of rotation. 

The Earth being neither uniformlyv denfe nor a perfe<£t 
fpheroid muft, in ftridtnefs, be confidered as having only three 
permanent axes of rotation, agreeably to what I have proved. 
in my Mathematical Memoirs; and, as it is difturbed, in its 
rotatory motion by the attraction of the fun and moon (and 

other 
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other bodies in our fyftem) ; it follows ; that it will not conti- 
nually revolve about either of thofe axes, but will revolve, or 
endeavour to revolve, about fucceflive momentary axes, as {hewn 
above. If then its three permanent axes of rotation be called 
itsjirft, fecond, and third axes ; and the poles of its Jir/l axis be 
thofe about which its momentary poles are carried according to 
our theory ; the ftcond and third axes will be in the plane of its 
•equator, the three being at- right angles to each other. There- 
fore, with, refpett to the above theory, this terreftrial mafs muft 
be confidered of fuch a form, that its equator, and any fection 
parallel thereto, mall rather be elliptical than circular. And, 
■denoting its firft, fecond, and third axes by b, c, d, reflectively, 
obfervations evince, that the difference c-b will be much 
greater than the difference d-c. Whence it follows, that (fup- 
ponng the earth's rotatory motion to be difturbed only by the 
centrifugal force arifing from the inertia of its own particles) the 
track of polar evagation with us will be nearly circular, and the 
radius of the limiting circle very fmall, whether we have regard 
to the moveable or immoveable fpherical furface referred to 
above ; but that, in the latter furface, fuch circle will be much 
lefs than in the former : and it moreover follows, that the con- 
cavity of the track upon the moveable furface will continually 
touch and roll along the convexity of the track in the immove- 
able furface. 

In other planets, the tracks of polar evagation may, from a 
fimilar caufe, be very different. The theory above explained 
evidently proves, that their axes of rotation may poffibly vary 
greatly in poution, merely through the inertia of matter \ whilft 
Providence has fo ordered it, that the pofition of the axes of 
rotation of this planet (hall, by that caufe, be but very little 
altered. 
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